Duality conditions for Wightman elds are formulated in terms of the Tomita conjugations S associated with algebras of unbounded operators. It is shown that two elds that are relatively local to an irreducible eld ful lling a condition of this type are relatively local to each other. Moreover, a local net of von Neumann algebras associated with such a eld satis es (essential) duality. These results do not rely on Lorentz covariance but follow from the observation that two algebras of (un)bounded operators with the same Tomita conjugation have the same (un)bounded weak commutant if one algebra is contained in the other.
Introduction
The modular theory of Tomita and Takesaki To, Ta] is (in its simplest version) the study of the antilinear map S : A 7 ! A where A runs through the elements of a von Neumann algebra M having as a cyclic and separating vector. In this paper we shall call S a Tomita conjugation. The basic result of the theory is Tomita's theorem which states that the polar decomposition of S gives rise to an antiunitary isomorphism between M and its commutant M 0 , and a one-parameter group of automorphisms of M. Quantum eld theory in the algebraic setting of Haag, Kastler and Araki H1] is a natural client of Tomita-Takesaki theory because analytic vectors for the energy (in particular the vacuum) are cyclic and and separating for the local von Neumann algebras. Indeed, several recent developments in algebraic quantum eld theory are based on modular theory, see, e.g., B2-3,BGL,BAL1-2,BSch,BSu,GF, .
In their pioneering work BW1-2] Bisognano and Wichmann analyzed the modular structure of algebras generated by Lorentz covariant Wightman eld operators localized in wedge shaped regions. They showed that the modular conjugation is essentially given by the PCT operator and the modular group is the one parameter group of Lorentzboosts de ned by the wedge. Using this result they then proved essential duality Ro] of local nets of von Neumann algebras generated by Lorentz covariant Wightman elds. The connection between modular structure and duality was further studied in Ri] within the Haag-Kastler-Araki framework. In two space-time dimensions a geometrical interpretation of the modular operators of wedge algebras has recently been derived from the spectrum condition for the translation group alone B2]. This result has been used to investigate duality properties in conformal eld theory by algebraic methods BGL, GF], without reference to Wightman elds.
Coming back to the work of Bisognano and Wichmann, one may distinguish between three separate issues in their papers. The rst is the identi cation of modular operators associated with the wedge algebras of the unbounded eld operators. This part relies on the Lorentz covariance of the quantum eld. The second is the use of the modular structure to derive criteria for the existence of local nets of bounded operators associated with the eld. This aspect has been further studied by Driessler, Summers and Wichmann DSW] , In a sequence of papers we have studied the connection between Wightman elds and local nets of von Neumann algebras from a somewhat di erent point of view, stressing the relation to noncommutative moment problems. In BY4] we formulated a criterion for the existence of a local net of von Neumann algebras associated with a given Wightman eld in terms of a certain positivity property of the Wightman functions (see Theorem 4.4 below). This criterion does not rely on any modular structure, a fact that was somewhat hidden in the original exposition of this result in BY1]. In particular, it applies to elds without Lorentz covariance, and can even be extended in a straightforward way to elds with more general localization properties than Wightman elds (e.g., elds localized in space-like cones BF] and to elds on curved space-time).
In view of this result it appears natural to regard the modular structure of algebras of unbounded eld operators as a separate ingredient and ask which additional properties of the eld and associated nets of von Neumann algebras can be derived from informations about this structure. In the present paper we consider two closely related properties of this sort. The rst is the transitivity of relative locality, that was established in B1] for Lorentz covariant Wightman elds. The second is the condition of (essential) duality referred to above.
It turns out that only the elementary part of modular theory is needed for the present purpose, namely the part which does not make use of the polar decomposition of the Tomita conjugation S. Such an operator may be de ned for linear -invariant families (not only algebras) of unbounded operators with a cyclic vector, provided the vector is also cyclic for the unbounded weak commutant of the family. In the next section we discuss this general mathematical framework. The main observation, on which all subsequent results are based, is the following one: If one operator family is contained in another and both have the same Tomita conjugation, then the (un)bounded weak commutants of the families are identical. In the case of von Neumann algebras and bounded commutants, this statement follows immediately from Tomita's theorem. However, it is in fact an elementary result with a simple proof that applies also to unbounded operators. Because of slight complications due to domain questions we bring this result in two versions below (Propositions 2.7 and 2.9).
In Section 3 we consider nets of unbounded operator algebras generated by Wightman elds. In order to avoid domain problems we require mild energy bounds for the eld operators. We formulate general duality conditions for such nets in terms of the Tomita conjugations, and show how they lead to the concept of equivalence classes of relatively local elds (Theorem 3.5). We also point out that duality itself is really not the essential point, but rather the identity of the Tomita conjugations that follows from it (Theorem 3.6). Since applications to more general objects than Wightman elds are also of potential interest (e.g., to elds with di erent localization properties, or elds on curved space time), we have strived to isolate those aspects of the Wightman framework that are really needed to obtain these results.
In Section 4 we discuss the connection between modular properties of an unbounded eld net and a net of von Neumann algebras associated with it, extending results of Bisognano and Wichmann and of Driessler, Summers and Wichmann to our general framework. In particular we show that duality of the unbounded net leads to duality of the net of von Neumann algebras (Theorem 4.5), and that if an irreducible eld within an equivalence class of relatively local elds can be associated with a local net of von Neumann algebras, then the whole equivalence class can be associated with such a net (Theorems 4.6 and 4.7). In the nal Section 5 we generalize the previous considerations to include Fermi elds as well as Bose elds.
Tomita conjugations and unbounded commutants
We begin by xing the terminology and introducing some notation. Let y By this we simply mean that P consists of nite sums of products of elements in G.
It is, however, clearly su cient to require that these linear combination are dense in the topology on P generated by the seminorms X 7 ! kX k and X 7 ! kX k with 2 D. Let 2.6 Lemma. Let F 1 and F 2 be as above. Assume there exists a -operator family Q (F 2 ; F 2 ) uw such that is cyclic for Q and S F 1 = S Q . Then S F 1 = S F 2 . Proof. Since Q (F 2 ; F 2 ) uw we have S Q S F 2 by (2.4) and thus S F 2 S Q = S F 1 .
We now assume that F 1 and F 2 have the same Tomita conjugation and want to draw some conclusions about the unbounded weak commutants of the operator families F 1 and F 2 . Our rst result applies to the case that the larger family is an algebra. 2.7 Proposition. Let We now state and prove a variant of Proposition 2.7. In this version the larger family is not necessarily an algebra, and the relevant domain is generated by a subfamily of its strong commutant. We employ the following notation: If Q is a -operator family, then D (Q) denotes the intersection of the domains of the adjoints, D(Y ), with Y 2 Q. 2.9 Proposition. Let F 1 F 2 be two linear -operator families (containing the unit operator) on a dense domain D. Let O is an open subset of R d we denote by P(O) the -algebra generated algebraically by all smeared eld operators (f), 2 I, with support of the test functions f in O.
The algebras P(O) have certain properties that follow from the Wightman axioms.
Not all of these properties will be needed here, and we list only those that are important for the present purpose.
(A) The P(O) are -operator algebras (containing the unit operator) on a common dense domain D H.
( When such a class K has been singled out one may extend the net to arbitrary regions O by de ning P(O) as the algebra generated by P(K) with K O, K 2 K:
with the understanding that P(;) = C 1. The operators in P(O) This result is a generalization of Lemma 5.2(b) in DSW]. We prove it in the Appendix. After this preparation we now come to the main result of this section. We consider three eld nets, P 0 ( ), P 1 ( ) and P 2 ( ) on a common dense domain D containing a vector such that D 0 = P 0 (R d ) is dense and (BZ) holds for O 2 K if P( ) is de ned as the net generated by P 0 ( ), P 1 ( ) and P 2 ( ). We denote by P 0i (O) = P 0 (O) _ P i (O) the -algebra generated by P 0 (O) and P i (O), and de ne D 0i = P 0i (R Proof. Pick W 2 W. We use Lemma 2.6 and Proposition 2.7 with F 1 F = P 0 (W), F 2 P = P 02 (W) and Q = P 0 (W 0 If the generators satisfy the conditions of Proposition 3.4, then the eld nets are strongly relatively local to each other on the common invariant domain D.
Proof. As in the proof of Theorem 3.5 we put F 1 = P 0 (W) and Q = P 0 (W 0 ), but this time we de ne F 2 = P 0 (W)+G 2 (W) . Hypothesis (c) and Lemma 2.5 imply that the Tomita conjugations of F 1 and F 2 are equal. Since P 1 (W 0 ) (F 1 ; Q ) uw \ L y (D) we conclude from Proposition 2.9 that P 1 (W 0 ) and P 2 (W) commute weakly on P 0 (W 0 ) . Property (BZ) then ensures commutativity on D 0 . The energy bounds then imply commutativity on D as in Theorem 3.5
Duality for local von Neumann algebras generated by quantum elds
In this section we start by reviewing some facts concerning duality and essential duality for local nets of von Neumann algebras. We then discuss the question when a Wightman eld can be associated with such a net, and link duality properties of the Wightman eld with those of the von Neumann net.
We consider a net of von Neumann algebras M(K), de We now turn to the connection between local nets of von Neumann algebras and local nets of algebras of unbounded operators. As in DSW] and BY4] we employ the following notion.
De nition.
A eld net fP(K)g K2K is associated with a net of von Neumann algebras, fM(K)g K2K , if every X 2 P(K) has an extension to a closed operator e X with f X y e X , such that e X is a liated with the von Neumann algebra M(K).
A liation of e X with M(K) means precisely that the von Neumann algebra m( e X) generated by the polar decomposition of the extended operator is a subalgebra of M(K). It is in fact su cient to require this for the operators in some -invariant family G(K) of algebraic generators for P(K); hence the eld net is associated with some local net of von Neumann algebras if and only if these generators have closed extensions that commute strongly for space-like separated regions. By (3.1) and (4.1) it then follows that the operators in P(O) have extensions a liated with M(O) for arbitray regions O.
As pointed out in BY4] the extensionsX might in general have to be de ned in a larger Hilbert space than the original operators X. In this paper, however, we shall only consider elds with the property that the weak commutants P(K) w are algebras for 4.4 Theorem. Let P(K) K2K be a local eld net satisfying (BZ) and assume P(K) w is a von Neumann algebra for every K 2 K. Then the following conditions are equivalent.
(1) The eld net is associated in the sense of De nition 4.2 with some local net of von Neumann algebras acting on the same Hilbert space.
(2) The minimal net M min (K) = P(K) w0 is local.
For every open set O and every hermitian operator X 2 P(O) the state de ned by the vacuum vector on the algebra generated by X and P(O 0 ) is centrally positive with respect to X.
(4) If K; K 1 2 K with K 1 K 0 and X belongs to a set of hermitian generators G(K) for P(K), then the state de ned by the vacuum vector on the algebra generated by X and P(K 1 ) is centrally positive with respect to X. Let us now consider a eld net P( ) satisfying the premises of Theorem 4.4 and assume the positivity condition (4) is ful lled so M min ( ) is local. It is natural to ask whether essential duality holds for M min ( ). If this is the case a partial answer can be given to the question of uniqueness: All local nets of von Neumann algebras, with which P( ) is associated, lie between M min ( ) and the net 4.6 Theorem. Let fP(K)g K2K be a local net satisfying (BZ). Assume P(K) w is a von Neumann algebra for every K 2 K, and that the algebras P(K) are generated by operators ful lling the conditions of Proposition 3.4. Let P 0 ( ) be a subnet satisfying the same conditions as P( ) for the weak commutants and assume is cyclic for P 0 (W) and P 0 (W 0 ), W 2 W. If moreover S P 0 (W) = S P (W) for all W 2 W, then the following conditions are equivalent:
(1) The eld net P( ) is associated with some local net of von Neumann algebras on the Hilbert space of the eld.
(2) The eld net P 0 ( ) is associated with some local net of von Neumann algebras on the Hilbert space of the eld. (2) is equivalent to locality of M 0;min ( ), which is equivalent to locality of c M 0;min ( ) by condition (KW). Hence (1) and (2) are equivalent. The equivalence of (2) and (3) follows from Theorem 4.4.
If the subnet P 0 ( ) satis es W-duality, S P 0 (W) = S P 0 (W 0 ) , then S P 0 (W) = S P (W) for all W 2 W by Lemma 2.6. (Take F 1 = P 0 (W), Q = P 0 (W 0 ) and F 2 = P 0 (W).) In particular, P( ) is also W-dual. Combining Theorems 4.5 and 4.6 we thus also have 4.7 Theorem. Let P( ) satisfy the premises of Theorem 4.6. Let P 0 ( ) be a subnet satisfying the same condition for the weak commutants and in addition the positvity condition (3).
If W-duality holds for P 0 ( ), then the minimal net M min (K) = P(K) w0 satis es essential duality, and M max ( ) = c M 0;min ( ).
Fermi elds and twisted duality
In this last section we discuss brie y how the preceeding results can be generalized to include Fermi elds. The basic concept in this case is a eld net P( ) (in the sense of Section 3), where the locality condition (L) is replaced by the Z 2 -graded local structure described below. Using the same device as in BW2] to change anticommutators into commutators all previous results carry over with minor modi cations to the new situation. We shall therefore only describe the necessary changes without formulating the statements anew. The graded structure is de ned by a unitary operator U 0 (\rotation by 2 "), such that In this way each P(O) becomes a Z 2 -graded algebra with unit: With these de nitions Theorems 3.5 and 3.6 now carry over to the case of graded nets with the only change that \local" has to be repalced by \Z 2 -graded local" , and \dual" by \twisted dual" . Notice that because of (5.9) and the fact that (P(O) Xj is in both cases a Bose operator. This assertion is a simple consequence of the uniqueness of the polar decomposition of a closed operator.
The criterion for the the association of a graded local net of unbounded operator algebras with a graded local net of von Neumann algebras is an obvious modi cation of Theorem 4.4. As in the Section 4 we assume that the weak commutants P ( (4 0 ) If K; K 1 2 K with K 1 K 0 and X belongs to a set of hermitian generators G(K) for P(K), then the state de ned by the vacuum vector on the algebra generated by X and P(K 1 ) z is centrally positive with respect to X. Xh n (H)' = Rh n (t)X exp(itH)' dt and approximating the integral by a Riemannian sum we see that Xh n (H) , and hence X , can be approximated arbitrarily well by a nite linear combination of translates of ', i.e. by vectors of the form P j c j exp(it j H)' with c j 2 C, t j 2 R. Because D 0 is invariant by assumption, we can thus for any " > 0 obtain an "-approximation of X by X for some 2 D 0 . It is clear that the same argument applies to any nite set of operators satisfying conditions (i) and (ii), so D 0 is dense in D in the graph topology induced by G.
